It is well known that the group of isomorphisms of every abelian group is the direct product of the groups of isomorphisms of its Sylow subgroups, and hence it results that the group of isomorphisms of any abelian group is completely determined by the groups of isomorphisms of its Sylow subgroups. It will therefore be assumed in what follows that the abelian group G under consideration has an order which is of the form pm, p being a prime number. It will be convenient to represent the characteristic subgroups of G which are generated by all of its operators of order p, p2, ..., p1 by H1, H2, ... ., H, respectively, where p' represents the largest order of an operator contained in G. Hence it results that if the order of Ha divided by the order of Hail-, a _ 1, is ft then G has exactly ,B invariants which exceed pa-l. In particular, if Ho is the identity and if the order of H1 is p7 then the total, number of invariants of G is 'y.
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Since every abelian group is generated by its operators of highest order and all of these operators are conjugate under its group of isomorphisms it results that this group can be represented as a transitive substitution group on letters corresponding to the operators of highest order in the abelian group. We shall first consider the invariant subgroup of this transitive substitution group for G, which corresponds to all the automorphisms of G in which all the operators of HI1-are left invariant.
All of the transitive constituents of this invariant subgroup are of degree pY since every operator of highest order in G may correspond to itself multiplied by any operator of Hi under the automorphisms in question.
The degree of every substitution except the identity contained in this subgroup is pm -pm-l and the degree of the subgroup is p-m _ -8 where 5 represents the number of the largest invariants of G. Moreover, this subgroup is the direct product of a substitution groups of order p" and of degree pm -pml, each of which is a simple isomorphism between regular abelian groups of order p' and of type (1, 1, 1, .. .). That is, the group of isomorphisms of every abelian group of order pm which involves operators of order p2 contains an invariant abelian subgroup of order p"' and of type (1, 1, 1, .. .), where 5 and 'y represent the number of largest invariants and the total number of invariants, respectively.
In the study of the group of isomorphisms of G it is sometimes desirable to consider also the substitution groups on the letters corresponding to the operators of the same order when these operators are not of highest order. A necessary and sufficient condition that at least one of these substitution groups is transitive is that all the invariants of G are equal to each other and when this condition is satisfied all of these substitution groups are transitive. That is, when G has different invariants, then all the operators of the same order cannot be conjugate under the group of isomorphisms of G unless this order is a maximum for G. For our present purpose it is, however, more important to note that the orders of these substitution groups increase with the order of the operators to which they correspond, and that the invariant subgroup of the group corresponding to the operators of order pa which corresponds to the identity of the group corresponding to the operators of order p'', a > 1, is abelian and of type (1, 1, 1, . . .). Hence it results that the group of isomorphisms of every abelian group of order pm which involves operators of order p2 contains an invariant subgroup whose order is of the form p9, composed of all its operators which leave invariant every operator of order pa contained in this abelian group, where a varies from 1 to I -1.
From this theorem it results directly that the substitution group which corresponds to the permutations of the operators of order p in H1 must involve all of the factors of composition of the group of isomorphisms of G except some of those which are equal to p. This substitution group has a number of transitive constituents which is equal to the number of the different invariants of G, and the group of isomorphisms of G is solvable whenever this substitution group is solvable, and vice versa. It is therefore easy to determine therefrom a necessary and sufficient condition that the group of isomorphisms of G is solvable, since the group of isomorphisms of the abelian group of order pa and of type (1, 1, 1, . . .) is insolvable whenever a > 1 and p > 3, and also whenever a > 2 and p = 2 or 3. Hence there results the following theorem in regard to the solvability of the group of isomorphisms of any abelian group of order pm: A necessary and sufficient condition that the group of isomorphisms of an abelian group of order pm, p being a prime number, is solvable is that no two of its invariants are equal to each other when p > 3, and that at most two of these invariants are equal to each other whenever p is 2 or 3.
It results directly from the preceding developments that a necessary and sufficient condition that the group of isomorphisms of an abelian group of order pm contains only one Sylow subgroup whose order is a power of p is that no two of its invariants are equal to each other. When this condition is satisfied the order of the group of isomorphisms of G is the product of the order of this Sylow subgroup and (p -1)'. In particular, a necessary and sufficient condition that the order of the group of isomorphisms of the abelian group of order 2' is a power of 2 is that no two of the invariants of this abelian group are equal to each other.
VOLw 16, 1930 When the invariants of such a G vary from p to pY the order of Htk k _ y, is p with the exponent k(k -1) k= 2 and the number of the characteristic subgroups whose largest invariant is pk is the (y -k + 1)th figurate number of order k. A necessary and sufficient condition that any abelian group of order pm contains a cyclic characteristic subgroup of order pa is that it contains only one largest invariant and that the difference between the indices of p which represent the values of two largest invariants is at least equal to a.
When all of the invariants of G are equal to each other then the invariant subgroup of the group of isomorphisms corresponding to the operators of order pa which corresponds to the identity of the group of isomorphisms corresponding to the operators of order pa", a > 1, is of order pts, and is the direct product of substitution groups of degree paY -pal' and of type (1, 1, 1, . . .), for every value of a from 2 to 1. In this special case the order of the invariant subgroup of order pP which is composed of all the automorphisms of G which leave invariant its operators of order p is therefore readily determined by means of the orders of these invariant subgroups, and f3 = _y2(l -1). Moreover, it follows directly from these correspondencies that the order of the largest operator in this subgroup of order p8 cannot exceed pa-, and this order is obviously actually attained when p > 2, and also when p = 2 and y > 1. These results can readily be applied to the groups of isomorphisms of any abelian group. In particular, a necessary and sufficient condition that the group of isomorphisms of any abelian group is solvable is that it has either at least two invariants which are equal to pa when p > 3, or at least three such invariants when p is either 2 or 3, when the invariants of the abelian group are so chosen that each -is a power of some prime number p.
In view of the simplicity of the category of groups all of whose operators can be represented in the form Saf, where s and t are two generating operators of the groups, it seems desirable to note here the exact form of a fundamental theorem relating thereto which was stated inaccurately in my article published in these PROCZZDINGS, volume 13 (1927), page 759, as well as in the abstract of this article which appeared in the Fortschritte der Mathematik, volume 53 (1930), page 106. This theorem should read as follows: A necessary and sufficient condition that all the operators of a group which is generated by s and t can be represented in the form sate is that the largest subgroup of at least one of the two subgroups generated by s and t, respectively, which is invariant under the entire group, gives rise to a quotient group in which the subgroup corresponding to the other is invariant.
It may be desirable to add here that when these largest invariant subgroups of the two groups generated by s and t, respectively, are of the same index under these cyclic groups then the quotient group with respect to the invariant group generated by these subgroups is the direct product of their complementary cyclic groups. Moreover, these two invariant cyclic subgroups must always generate an abelian group when the cyclic groups generated by s and t, respectively, have only the identity in common. That is, when the order of this group is a maximum. The fact that the term "un teorema del Chapman," which appears on the page preceding the one of the Fortschritte der Mathematik to which we referred in the preceding paragraph, is a misnomer was noted by Chapman himself in the Messenger of Mathematics, volume 43 (1914) 
